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INFINITE SERIES

2.1 Sequences: A sequence of real numbers is defined as a
function f: N —» R,where N is a set of natural numbers and R is a set of

real numbers. A sequence can be expressed as{fi, f5, f3, .-+, [, - YOI

(fn) For example (i) — (l‘l 11

-, —....... ) 18 a sequence.
1%273% 4 ) q

Convergent sequence: A sequence {(u,) converges to a number /, if
for given € > 0, there exists a positive integer m depending on & , such
that |u, —l| <evVn =m.

Then [ is called the limit of the given sequence and we can write

limu, =lor u, =1

n—oo

2.2 Definition of an Infinite Series

An expression of the form uy + u, + uz + -+ + u,, + -+ is known as the
infinite series of real numbers, where each u,is a real number. It is
denoted byX -1 Uy,.

For example Zﬁﬂi =1+ i + % ;5 % + -++is an infinite series.
Convergence of an infinite series

Consider an infinite series Y, ;—; U, = Uy + Uy + Uz + =

LetusdefineS; =u; , S;=u;+u;, S3=u;+u, +uz, ..y,

Sp =uy +u;+uz+++u,andsoon.

Then the sequence (S,,) so formed is known as the sequence of partial
sums (S.O.P.S.) of the given series.



Convergent series: A seriesu; +u, +uz + -+ u, +--=X> U,
converges if the sequence (S,)of its partial sums converges i.e. if
lim S,exists. Also if limS,, =§ then § is called as the sum of the

n—oo n—oo
given series .

Divergent series: A series u; + U, + Uz + -+ U, + = X1 Uy
diverges if the sequence (S,) of its partial sums diverges i.e. if
limS, = 4+ or — o

n—oo

Example 1 Show that the Geometric series)y—;7" ' =1+7+
ré4+r3+....where r > 0, is convergent if r < 1 and diverges if r > 1.

Solution: Let us defineS; =1, S,=1+47r, S3=1+r+7r%,.....,
Sp=1+4+r+r2+..4r1

Casel:r<1

: : . 1=rT? 1 ¥ e
Consider lim §,, = lim = — lim —
n—co n—-oo 1-7r 1-r n-oo 1-r

= — (Aslimr=0ifr| <1)
2t n—oo

Since lim S,is finite . the sequence of partial sums i.e.(S,,) converges

n—oo

and hence the given series converges.

Case2: r>1

rit—-1 p i 1

Consider lim §,, = lim

n-oo n-o r—1 n-ow 1-r -1
-0 (Asr" > wifr>1)
Since (S,,) diverges and hence the given series diverges.
Case2:r =1
Consider S, =14+r+r2+4 ..+

=1+1+1+1+--..41 = n= lim§, =

n—oo



Since (S,,) diverges and hence the given series diverges.
Positive term series

An infinite series whose all terms are positive is called a positive term
series.

e A g B
p-series:An infinite series of the form ), o= + e (p >

0)is called p-series.

It converges ifp > 1 and diverges if p < 1.

For example:

o 1 _ 1 1.1 _

1-2n=1;—1—3+2—3+§+ ==+ converges (Asp=3>1)
5

¢ 4 Zn_l sz 5/2 . & 5—/2+3—/ + converges (As p=7 > 1)
oo 1 p 1

3-21‘1:1 nifZ T 5 1_/2+_f = converges (AS p= 3 1)

Necessary condition for convergence:

If an infinite series Yn-; U, is convergent then limu, = 0. However ,
n—=oo

converse need not be true.
Proof: Consider the sequence (S, )of partial sums of the series} - Uy, .
We know that Sn=ug+uz+uzg e tu,
=U F U+ U3 F ot Uy F U,
D Sp-1 = Uy F Uy +Ug F e + Up-1
Now S,—=S,-1=u,
Taking limit n — oo, we get

rl;l-,nolo( Sn = Sn-1) = Ai_‘n;loun



= limS,, — limS,_; = limu,, ........... (1)

n—=aoo n—oo n—awo

As Y ,u, is convergent - sequence (S,) of its partial sums is also
convergent.

Let imS, =, then limS,,_, =1
n—oo

n—oco

Substituting these values in equation (1), we get limu,, = 0.
n—wo

To show that converse may not hold , let us consider the

: 1
Series) meq Up = Zfﬂ;.

Here limu,, = lim Z=0

n-oo n-xon
5 ; :
But) -, ~isa divergent series (As p = 1)

Corollary:If limu, # 0, then },;"_; u,cannot converge.

n—wo

. 1
Example 2Test the convergence of the series ).~ cos -

. 1 7 . |
Solution: Here u,, = cos— = limu, = llmcos; =1+#0

n—ao n—w

Hence the given series is not convergent.

n

Example 3 Test the convergence of the series X, S

n—w n—ow

. n 2 . n
Solution: Here u,, = |[— = limu, = lim |[—
n+1 \‘n+1

= limy, = lim Ll=1#:0

0 'l 1=
n—ao n—o n

Hence the given series is not convergent.



